We study tree-unitarity and renormalizability in Lifshitz-scaling theory, which is characterized by an anisotropic scaling between the spacial and time directions. Due to the lack of the Lorentz symmetry, the conditions for both unitarity and renormalizability are modified from those in relativistic theories. For renormalizability, the conventional discussion of the power counting conditions has to be extended. Because of the dependence of S-matrix elements on the reference frame, unitarity requires stronger conditions than those in relativistic cases. We show that the conditions for unitarity and renormalizabilty are identical as in relativistic theories. We discuss the importance of symmetries for a theory to be renormalizable.
Introduction
A quantum field theory requires both unitarity and renormalizability to be a welldefined theory. They may be implied from each other, which motivated the study of the equivalence between unitarity and renormalizability in gauge theories 1 and gravitational theories 2 . This relation could be helpful to construct a consistent quantum gravity; to check the renormalizability we investigate unitarity and vice versa. It is worth checking whether the relation is a generic property of quantum theories. To avoid the complication due to symmetries, it is better to investigate theories with few symmetries. One of ways to loosen a symmetry is considering non-relativistic theory.
Lifshitz-type theories 3 are characterized by the Lifshitz scaling:
and manifestly do not have Lorentz symmetry. These theories have a lot of attention January 26, 2016 1:26 ws-procs961x669 WSPC Proceedings -9.61in x 6.69in URLeCosPA page 2 2 in cosmology 4 and some of quantum properties are also investigated [5] [6] [7] [8] [9] . Due to the anisotropic scaling (1), the ultraviolet(UV) behaviors are different from those in relativistic theories. This idea has been introduced to gravitational theory, which is called Hořava-Lifshitz (HL) gravity 10 . The application of the HL gravity is widely studied in cosmology (see Ref. 11 for a review), such as the emergence of dark matter as an integration constant 12 and so on. Its quantum properties have not been studied very much 13 . By the power-counting discussion HL gravity is expected to be renormalizable, but the renormalizability still remains uncertain.
We have studied tree-unitarity and renormalizability in theories of a Lifshitz scalar field to investigate the relation between them 5, 6 . These thoeries are also useful as toy models of HL gravity theory. The lack of the Lorentz symmetry gives rise to significant modifications to both renormalizability and unitarity. We have shown that, for theories to be renormalizable, the conditions for renormalization have to be extended from the conventional ones. As for tree-level unitarity, since scattering amplitudes have the reference frame dependence, unlike in relativistic cases, stronger conditions are required. We have derived the extended power-counting renomalizability (PRC) conditions and the tree-level unitarity constraints on the forms of self-interaction term in the theory of a single Lifshitz scalar field. We have seen the equivalence between these conditions in cubic and quartic interactions.
We give a brief review of our papers Refs. 5,6. For details, see these papers. We also discuss a consequence of our argument to the renormalizability of HL gravity.
Lifshitz scalar field
The quadratic action for Lifshitz scalar field φ can be written in the form
where
. is a polynomial of degree z. The dispersion relation takes the form
where E and p are the energy and the magnitude of the momentum, respectively. This dispersion relation becomes E ≈ p z in the UV regime and is consistent with the Lifshitz scaling (1). Since the asymptotic behavior of propagators is given by
UV divergences of loop diagrams are milder than those in relativistic theories for z > 1. Let us introduce the following generic n-point interaction term
where a 1 , · · · , a n are non-negative integers. Each ∂ x denotes any of the spatial derivatives ∂ i (i = 1, · · · , d) and we suppose that this interaction term is designed to keep the d-dimensional spatially rotational symmetry O(d).
Renormalizability
The scaling dimension of φ can be read from the quadratic term in (2):
where we have used the convention that [E] = z and [p] = 1. The dimension of the coupling constant λ is obtained as
In relativistic theories, an interaction term is renormalizable if it has a coupling constant with non-negative dimension: [λ] ≥ 0. On the other hand, in the Lifshitz scalar theory, non-negativity of [λ] is not enough for renormalizability.
As an example, let us consider the case with d = 3 and z = 5, and the following quartic interaction term with [λ] = 0,
Let us consider an 1-loop diagram with n vertices each of which has two external lines. The term for which two (∆ 3 φ)'s at each vertex correspond to the internal lines gives the leading order contribution. This can be estimated as
where Λ is a UV cutoff with [Λ] = 1. For any n, this loop integral diverges as Λ → ∞, and thus the interaction term (8) is NOT renormalizable, even though the condition [λ] ≥ 0 is satisfied. The reason why the interaction term (8) is not renormalizable is as follows. In the calculation of loop integrals, only operators corresponding to the internal lines are involved. Thus, only their dimension is related to the renormalizability. In the above example, the dimension of field is negative ([φ] = −1) and the part of the term (∆ 3 φ) 2 has smaller dimension than the whole of the term φ 2 (∆ 3 φ) 2 . Now, the whole of φ 2 (∆ 3 φ) 2 is marginal, and thus the part of the term (∆ 3 φ) 2 is nonrenormalizable. Therefor, the criteria of renormalizability is; the dimension of any part of the term has to be larger than the inverse of [dtd d x]. a For the proof in generic cases, see Ref. 6. a For whole of the term, the case of equality can also be renormalizable. This is the conventional PCR. WSPC Proceedings -9.61in x 6.69in
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Tree-unitarity
The unitarity bound is one of the necessary conditions for the untarity of S-matrix elements. The unitarity condition reduces to the optical theorem
where M (i → j) is the scattering amplitude, {|X } be a complete orthonormal basis of the Hilbert space:
i is an element in {|X }, and X denotes the sum with respect to all possible intermediate states. In the following, we ignore unimportant numerical factors. Taking absolute value of eq.(10), the left hand side has to be smaller than or equal to |M (i → i)|. Since the right hand side is the summation of non-negative values, each of them has to be smaller than or equal to the sum. Then, we have the unitarity bound:
where j is an element in {|X } and can be the same as i.
The forms of cubic and quartic interaction terms can be constrained with the uniarity bound of two-particle scattering. We take the basis labeled with the total energy and momentum;
where |p 1 , p 2 is the standard asymptotic momentum eigenstates for two-particle states normalized as
in two-particle basis of subspace, E 1 and E 2 are the energy of particles, and {h l (p j )} is an orthonormal functions in two-particle subspace with the total energy E and momentum P. In the two-particle subspace, the unitarity bound (12) can be rewritten as
This is a necessary condition for the unitarity. We check the high-energy behavior of this.
In relativistic theories, we can always take the center-of-mass frame, i.e. P = 0. Then, both particles have the same magnitude of momentum. In the high energy limit, the energies of both particles go to infinity. In the theories without Lorentz symmetry, in contrast, states with nonzero total momentum has no relation to those with P = 0. We should also consider the situation where only the energy WSPC Proceedings -9.61in x 6.69in
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of one particle goes to infinity and the other is finite. Moreover, this state can transfer to the state where energies of both particle are infinity. Because of these varieties, we have more constraints. From the unitarity bound (15) with the treelevel approximation, we have the same constraints with the extended version of PCR. We omit the derivation of the constraints here. For details, see Ref. 6.
Discussion -importance of symmetry-
We have seen that, if the dimension of fields is non-positive, the extension of PCR is required. This is also true for unitarity, since, as we have demonstrated, the conditions for unitarity are identical to those for renormalizability. In Ref. 5 , we have addressed the importance of symmetries for a theory to naturally have renormalizability. We have studied theories with a dimensionless scalar field and shown that in some theories with symmetry, only the conventional conditions of PCR could be enough. The conventional PCR shows that, in theories with dimensionless fields φ, marginal interaction terms require the counter terms having all relevant or marginal forms. Because the product of a marginal term and φ n is marginal for any n, we have an infinite number of marginal terms. However, introducing the shift symmetry which is the invariance under φ → φ+const., the scalar field φ must always appear in combination with space-time derivatives and the dimension of ∂ µ φ is positive. Therefore, all possible operators have positive dimension and PCR does NOT need to be extended.
Based on the above discussion, HL gravity with d = z = 3 is expected to be renormalizable. If we separately see the interaction terms, HL gravity has terms violating the extended version of PCR. However, because of the symmetry, the possible operators are the three-dimensional curvature R ij and the extrinsic curvature K ij with or without differential operators. These operators have positive dimension, and the number of relevant and marginal terms generated by loop becomes finite. Therefore, the conventional PCR could work well.
The extended version of PCR is important when we introduce matter fields in HL gravity or consider higher z. To keep the scaling of gravitational field, matter fields should satisfy the same scaling, and then they must be dimensionless for d = z = 3. Without symmetry of matter sector, the matter fields have to satisfy the extended PCR. Imposing symmetries could naturally lead the theory renormalizable as in the above discussion of HL gravity. For higher z, for instance in the case with d = 3 and z ≥ 7, the dimension of curvature is non-positive, that is, the symmetry does not restrict the possible operator to be positive. In this case, the extended PCR is required. 
